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Abstract
We present the first example of a rigorous uncertainty quantification on elastic Nucleus-Nucleus scattering at energies near the
Coulomb barrier. Experimental data has been analyzed using an energy-dependent effective optical model potential with physi-
cal constraints imposed. We confirm the compatibility of these uncertainties with the well known Coulomb threshold anomaly,
explained in terms of a dispersive relation, and contrast our results with previous analyses that suggest otherwise.
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1. Introduction
The reactions of weakly-bound stable and unstable nuclei
have been extensively investigated for several decades. Special
attention has been devoted to reactions at low energies close to
the Coulomb barrier, where these reactions are primarily domi-
nated by fusion, and direct reactions in which non-elastic scat-
tering occurs. The energy dependence of the effective nuclear
potential between projectile and target around Coulomb barrier
is an important information, which has been widely studied the-
oretically and experimentally.
From a theoretical point of view, the nuclear part of the
optical model potential (OMP), can be written as U(E) =
V(E) + iW(E). Causality considerations and microscopic the-
ory relate the energy dependence of the real and imaginary
part of the OMP through a dispersive relation that results in
V(E) = V0(E) + ∆V(E). The term V0(E) exhibits a slow and
smooth dependence on the energy, while the term ∆V(E) de-
pends upon W(E′) at all energies E′,
∆V(E) =
P
pi
∫ ∞
0
W(E′)
E′ − E dE
′, (1)
where P is Cauchy principal value. This relation was first in-
troduced by Feshbach [1, 2] from a microscopic point of view
and later investigated by Cornwall and Ruderman [3] through
causality relations.
On the other hand, the energy dependence of the optical
potential was first experimentally found by Lipperheide and
Schmidt [4]. Later in mid-1980s [5–7] a strong energy depen-
dence of the potential at energies close the Coulomb barrier was
discovered. The imaginary potential decreases rapidly with the
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effective closure of the nonelastic channels when the energy is
reduced to below the barrier and the real potential shows an
“anomalous” variation around the barrier [8–10]. Therefore,
the barrier acts as a natural “threshold” for processes involv-
ing the action of the nuclear force. This behavior is commonly
referred to as the Threshold Anomaly (TA).
However, it was later suggested that the near-threshold po-
tential behavior for weakly-bound nuclei, such as 6Li, may be
different compared to tightly-bound nuclei. The imaginary part
of the effective potential increases or remains constant as the
bombarding energy decreases towards the Coulomb barrier (see
Ref. [11–31]), an effect which has been termed as Breakup
Threshold Anomaly (BTA) . Recently, an abnormal threshold
anomaly was reported to be found for the exotic nuclear sys-
tem 6He + 209Bi [32], in which the authors concluded that the
dispersion relation of Eq.(1) is not applicable for this system.
For a heavy-ion nuclear reaction, the OMP parameters are
usually extracted by fitting experimental elastic scattering data.
At energies close to and below the Coulomb barrier, the elas-
tic scattering cross section is close to the Rutherford cross sec-
tion, therefore the nuclear part of the OMP is mainly hidden.
For reactions induced by unstable nuclei, the situation becomes
even worse due to technical limitations in the intensity and/or
the phase-space qualities of radioactive ion beams. In view of
these facts, large uncertainties are introduced when extracting
the parameters of OMP by directly fitting the data. Further-
more, the analyses presented in Refs. [14, 18, 26, 32, 33] may
be over-fitted to the data as suggested by their χ2/d.o.f.  1. In
order to reduce the effect of these large uncertainties on the de-
termination of the OMP parameters, we propose that physical
constraints be imposed on the model used to analyze the data.
In addition, it should be noted that most previous analyses
may be underestimating the error bar in the OMP parameters in
two ways. First, the OMP parameters at one energy are deter-
mined independently from all other energies, that is a fit is made
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for each energy at which experimental data is available keep-
ing any common parameters fixed. Second, on each fit a linear
correlation between the fitting parameters is assumed. In fact
a large number of optical potentials are adjusted using codes
relying on the MINUIT package of function minimization and
error analysis. As stated on the corresponding manual “errors
based on the Minuit error matrix take account of all the param-
eter correlations, but not the non-linearities” [34]. However,
due to the dispersive relation of Eq.(1), we expect the correla-
tions between the coefficients of the real and imaginary parts to
have significant non-linearities specially between different en-
ergies. To avoid underestimating the uncertainties we perform
a fit of all energy dependent and independent parameters simul-
taneously to data at all available energies and do not assume
linear correlations by employing a Monte-Carlo technique as
described below.
In this Letter we present a proper extraction of the OMP pa-
rameters for weakly-bound nuclei induced reaction. As a re-
sult the OMP energy dependence is found to exhibit the usual
near-threshold potential behavior (i.e. TA) and the model ob-
tained describes the experimental with χ2/d.o.f. ' 1, indicating
agreement between theory and experiment within experimental
uncertainties.
2. Data analysis
For the purposes of this work we analyze elastic scattering
data from two weakly-bound systems, 6Li + 209Bi [23] and 6He
+ 208Pb [35–38]. In both cases we use an OMP to describe the
nuclear part of the Nucleus-Nucleus interaction. The real and
imaginary parts of the OMP consist of a Woods-Saxon poten-
tial with energy independent range and diffuseness parameters
along with energy dependent strength coefficients, i.e.1
V(r, E) = − VE
1 + e(r−RV )/aV
, (2)
W(r, E) = − WE
1 + e(r−RW )/aW
. (3)
The scattering amplitude was calculated by solving the
Schro¨dinger equation using the modified Numerov method out-
lined in Ref. [39]. The results were verified for accuracy
by comparing with calculations made with the computer code
FRESCO [40].
In a first step the parameters in the OMP were adjusted using
the usual least squares procedure. In particular, the χ2 function
was minimized using the Levenberg-Marquardt method out-
lined in [41]. An advantage of this method is that a first order
approximation to the Hessian matrix is obtained which allows
estimating the parameter uncertainty through the co-variance
matrix, assuming a multivariate normal distribution. In order
to ensure a sound quantification of uncertainties we applied the
self-consistent 3σ criterion to the experimental data in order to
identify and exclude statistically inconsistent data points. This
method has been successfully used in the context of analyzing
pp, np and pipi scattering data [42, 43].
1For simplicity, we assume potentials are local and only consider central
parts.
After the initial χ2 minimization the obtained co-variance
matrix indicates that, as expected, statistical uncertainties in
the OMP parameters are rather large in particular at low en-
ergies. These large uncertainties are reflected in the calculated
scattering amplitude being rather insensitive to the OMP pa-
rameters. A clear example of this insensitivity can be seen in
Fig. 1. Three substantially different OMPs for the 6Li + 209Bi
reaction at ELAB = 24 MeV result in very similar cross sec-
tions, all of them compatible with experimental data. Notice
that the OMP represented by blue solid line even has a repul-
sive real part, instead of the expected attractive interaction. To
deal with these large uncertainties we impose additional con-
straints to the OMP parameters based on physical principles. In
a second least squares analysis of the data we simply impose
that the OMP must be an attractive interaction (i.e. that VE and
WE are positive numbers). For a third least squares analysis
we impose the additional constraint of the strength coefficients
at energies below the Coulomb barrier being small compared
to the strength at higher energies. The reasoning of this being
that, like in the case of tightly-bound nuclei, as the energy goes
below the Coulomb barrier there is no need for the imaginary
part of the OMP to absorb the inelastic channels that are already
closed. To impose small strength coefficients at low energy we
modify the usual χ2 by adding terms that penalize large values
of the corresponding parameters. These penalty terms can be
expressed as
χ˜2 = χ2 +
(p − p0)2
(∆p)2
, (4)
where p is one of the OMP parameters, p0 is some small central
value and ∆p is the expected variation range for p. The effect
of adding this penalty function is that in order to minimize the
modified χ˜2, the parameter p needs to be close to the small
central value p0. While imposing such penalty function might
seem completely arbitrary, this type of constraint is the frequen-
tist equivalent of using a Gaussian prior in Bayesian statistics.
The use of priors is a common and justified practice in Bayesian
parameter estimation [44].
To properly quantify the statistical uncertainty that prop-
agates from the experimental data to the OMP parameters
through the χ2 minimization we make use of simple a Monte-
Carlo technique. For every experimental data point Oi with
error bar σi we make the substitution Oi → Oi + N(0, σi),
where N(0, σi) are random variates with a normal distribu-
tion, and readjust the OMP parameters by minimizing the re-
sulting χ2 function. We repeat this process until we have a
sufficiently large number of samples for the OMP parameters2.
This method relies on the assumption that the residuals in the χ2
function follow the standard normal distribution; this assump-
tion has been stringently verified for every least squares analy-
sis on this work using the hypothesis testing method described
in [45]. As mentioned earlier, we opt for this method of un-
certainty quantification over the usual co-variance matrix since
the latter assumes linear correlations between the OMP param-
eters but from Eq.(1) we in fact expect non linear correlations
2In practice we obtain 1000 samples, although a smaller number might al-
ready give a robust estimation of the parameters distribution
2
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Figure 1: (Color on-line) Three completely different OMPs describing the 6Li + 209Bi elastic scattering at ELAB = 24 MeV. The left and middle panels show the
real and imaginary part of the OMP, respectively. The coulomb contribution is not included in the figures. The right panel shows the corresponding elastic scattering
(matched by color and line type) compared to experimental data [23] (red error bars).
which could result in underestimated error bars. Furthermore,
the co-variance matrix as a representation of the uncertainties
and correlations between the model parameters assumes small
errors from the start, which Fig. 1 already shows not to be the
case. The Monte-Carlo method automatically extracts a sam-
ple of the parameters distribution without assuming any kind of
theoretical distribution for them. The same method, sometimes
called parametric bootstrap [46], has been used successfully to
estimate uncertainties in ab initio calculations of the binding
energy of light nuclei [47–49] and in the analysis of Compton
scattering data [50].
3. Results and discussion
Our results are summarized in tables 1 and 2, along with
figures 2 and 3. Table 1 shows the χ2 per number of degrees
of freedom for each of the three OMP fits to the 6Li+209Bi
and 6He+208Pb experimental scattering data. For the interested
reader, an additional table in the supplementary material gives
the resulting parameters of the potential constrained to have
small strengths coefficients in the imaginary part at energies be-
low the Coulomb barrier. Given the number of data and param-
eters in each reaction, the total χ2/d.o.f. obtained agrees with
the expected value of 1 at a level between two and three sigmas.
Furthermore, the values in the table show that imposing the
physical restrictions of attractive OMP first, and small strengths
at energies below the Coulomb barrier later, has little to no ef-
fect on the average discrepancies between theoretical model and
experimental data. That is, the three types of analyses repro-
duce the experimental data equally well, as expected from the
three vastly different potentials in figure 1. However, the impo-
sition of constraints based on physical expectations of the OMP
does have an effect on the uncertainty of the potential param-
eters by reducing the region in hyper-parameter space that can
be explored when the Monte-Carlo analysis is performed. This
effect is clearly reflected in Fig. 2 which shows a histogram for
the strength parameter VE at E = 26.0 MeV, resulting from the
Monte-Carlo sampling analyzing the 6Li + 209Bi data. The re-
sulting parameters in the unconstrained analysis cover a large
range of values, most of them corresponding to a repulsive po-
tential. As physical constraints are imposed on the analysis the
range covered by the resulting parameters gets reduced. It is
noteworthy that the constraint of small strength coefficients is
Table 1: χ2 per number of degrees of freedom after adjusting the OMP param-
eters to two different Nucleus-Nucleus elastic scattering reactions. For each re-
action three different types of analyses are made. A completely unconstrained
fit, a fit where the OMP is enforced to be attractive and a fit where the strength
coefficients at energies below the Coulomb barrier are made to be small via
penalty functions like the one shown in Eq.(4)
χ2/d.o.f.
Reaction 6Li + 209Bi 6He + 208Pb
Number of data 227 246
Unconstrained 1.32 0.79
Attractive OMP 1.35 0.79
Small strengths 1.38 0.80
imposed on the imaginary part of the potential only, yet this has
a clear effect of constraining the real part as well.
For each reaction, the result of the Monte-Carlo analysis de-
scribed earlier is a collection of 1000 OMPs with the physi-
cal constraint of small strengths at energies below the Coulomb
barrier imposed. While the parameters obtained differ from one
fit to another, the description of the experimental data by every
OMP is statistically equivalent. This collection of potentials al-
lows identifying the radius at which the potential changes the
least, also known as the sensitivity radius rs. As it is customary,
we present the energy dependence of the OMP at the sensitiv-
ity radius, selecting rs = 10.15 fm for the 6Li + 209Bi reaction
and rs = 10.6 fm for the 6He + 208Pb reaction3. Fig. 3 shows
the results of the Monte-Carlo analysis in the form of box and
whisker plots. The size of the box represents the inter-quartile
range (IQR) of the 1000 OMPs, the horizontal line indicates
the position of the median and the end points of the whiskers
give the position of the first element in the sample that has a
distance to the end of the box of least 1.5IQR. Elements farther
away from the endpoints are called flyers and are not shown in
these figures. We opt for this graphical representation of the
data, in lieu of the usual error bar, to emphasize the sometimes
asymmetric nature of the distribution of the resulting sample.
For reference we also show, as an orange dot, the potential ob-
3Of course the position of rs can be different for the real and imaginary part
of the potential and for each energy. In practice we take the average of all the
sensitivity radii, which are mostly spread between 8 and 12 fm. For reassur-
ance we checked that the same type of energy dependence can be observed at
different values of rs
3
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Figure 2: (Color on-line) Histograms showing the distribution of the strength parameter VE at E = 26 MeV resulting from the Monte-Carlo sampling analyzing
6Li + 206Bi elastic scattering data. Three different analysis are presented, a completely unconstrained fit (left panel), a fit imposing only attractive optical potentials
(middle panel), and a fit constraining the strength coefficients WE at energies below the Coulomb barrier to be small compared to the strength at higher energies
(right panel).
Table 2: Parameters necessary for the calculation of the energy dependence
∆V(E) in the real part of the optical potential as outlined in section 3.4 of
Ref. [10]. All values are in units of MeV
Parameter 6Li + 209Bi 6He + 208Pb
V0 6.5 2.00
W0 5.6 1.05
E1 24.0 13.5
E2 26.5 19.0
tained from the χ2 minimization.
The energy dependence of the imaginary part of the OMP is
parametrized with a linear approximation at low energies. Fol-
lowing the prescription outlined in section 3.4 of Ref. [10] we
assume that |W(E)| rises from zero, at an energy E1, to a certain
value W0, at another energy E2, to then remain constant. This
linear dependence is shown in Fig. 3 as a blue solid line in the
bottom panels. Using Eq. (1) one can calculate the energy de-
pendence of the real part which can then be added to a constant
value V0. The actual calculation was done using the analytic
expression
∆V(E) =
W0
pi
(1 ln |1| − 2 ln |2|) , (5)
where i = (E − Ei)/(E2 − E1). For a derivation of this ex-
pression see section 3.4 of Ref. [10]. The result from the dis-
persion relation is shown as a blue solid line in the top panels.
The values for W0, V0, E1, and E2, which were chosen to show
agreement between the dispersion relation and the Monte-Carlo
analysis presented as the box and whiskers plots, are presented
in table 2.
It should be mentioned that the main reason for the agree-
ment with the dispersive relation is the imposition physical con-
straints, in this case small strength coefficients at energies be-
low the Coulomb barrier as shown in Eq. (4). While the use of
Monte-Carlo techniques allow for a rigorous and sound prop-
agation of the experimental uncertainty into the OMP parame-
ters, additional physical information is required for the imag-
inary part of the potential to decrease with decreasing energy.
Previous analyses of elastic Nucleus Nucleus scattering with
weakly-bound nucleus have used Monte-Carlo methods to cal-
culate the uncertainty in OMP parameters but found similar
results to analyses with the usual co-variance matrix [51, 52].
Such analyses did not include restrictions on the imaginary part
of the potential.
The analysis presented here shows that, within properly
quantified uncertainties and with physically motivated con-
straints, the usual near threshold behavior (TA) of the OMP
is found to be consistent with elastic scattering data for the
6Li + 209Bi and 6He + 208Pb reactions. This finding is in con-
trast to the BTA found in earlier works, which was explained in
Refs. [11, 53] by the influence of the breakup reaction. Accord-
ing to this explanation, the imaginary part of OMP increases
continuously with decreasing energy below the barrier due to
the assumption that the coupling to the breakup channels in
these systems continues to be important even at energies be-
low the barrier. However, such explanation fails to account for
the fact that the large breakup coupling effects may cause a
large suppression in the fusion cross section [54]. The imag-
inary potential accounts for the channels leaving the ground
states, which include breakup and fusion channels. There-
fore, we expect no significant increase in the imaginary po-
tential at energies below the Coulomb barrier. In general, we
expect the potential energy dependence to be an universal phe-
nomenon within the barrier-energy region. In other words, even
for weakly-bound exotic system, we expect the energy depen-
dence of the optical potential to be similar to the one in tightly-
bound systems.
4. Summary and conclusions
We have studied the problem of near-threshold potential
behavior of weakly-bound nucleus induced reactions using
6Li+209Bi and 6He+208Pb as case studies. We have imple-
mented a new method to extract the OMP parameters. The
extracted potentials can reproduce the experimental data with
χ2/d.o.f. ' 1.
For the energy below the Coulomb barrier region, the nuclear
force is mostly hidden by the Coulomb interaction resulting in
large experimental uncertainties. Rigorous uncertainty quantifi-
cation of elastic scattering data with a physical constraint of the
imaginary part of the OMP decreasing when the collision en-
ergy goes below the Coulomb barrier are needed to extract the
OMP from the data. By using these, the real part exhibits the
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Figure 3: (Color on-line) Energy dependence of the real (top panels) and imaginary part (bottom panels) of the OMPs at the sensitivity radius rs = 10.15 fm for the
6Li + 209Bi reaction (left panels) and rs = 10.6 fm for the 6He + 208Pb reaction (right panels). The box and whiskers plots represent the samples obtained from the
Monte-Carlo technique (as described in the text). The orange points are determined by the central values of the parameters. The blue solid line for the imaginary
part is a linear approximation to the energy dependence while the blue solid line for the real part is obtained from the dispersive relation in Eq(1).
usual near-threshold behavior (TA) in weakly-bound projectile
induced reactions contrary to the findings in the other works. In
addition we show that the extracted optical potential verifies the
dispersive relation.
Although the studies presented here have been restricted to
the 6Li and 6He projectiles, we believe that the conclusions can
be directly extrapolated to other weakly-bound nuclei, such as
7Li or 9Be. A detailed study with different projectile with vari-
ous targets is in progress.
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